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Fixed Points of a Random Permutation
Distribution and Expected Value

Abstract

Let a permutation of n distinct objects be chosen uniformly at random, and let X denote
its number of fixed points. This report derives the exact distribution of X by counting
derangements and proves that E[X] = 1 for every positive integer n. The result models,
for example, the number of correct answers obtained when n distinct choices are assigned
uniformly at random to n distinct blanks.

1 Problem setup

For a positive integer n, write
[n] = {1, 2, . . . , n}.

Let σ : [n] → [n] be a permutation chosen uniformly from the n! elements of the symmetric
group Sn. An index r ∈ [n] is a fixed point of σ if σ(r) = r. Define

X =
∣∣{r ∈ [n] : σ(r) = r}

∣∣.
Our goals are to determine the probability mass function of X and its expected value.

2 Counting derangements

A derangement is a permutation with no fixed points. Let Dm denote the number of derange-
ments of m objects, with the convention D0 = 1.

Theorem 1 (Derangement formula). For every integer m ≥ 0,

Dm = m!
m∑
j=0

(−1)j

j!
.

Consequently, a uniformly random permutation of m objects is a derangement with probability

Dm

m!
=

m∑
j=0

(−1)j

j!
.

Proof. For r ∈ [m], let Ar be the set of permutations that fix r. If a set J ⊆ [m] has j elements,
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then exactly (m− j)! permutations fix every element of J . Inclusion–exclusion therefore gives

Dm =

∣∣∣∣∣
m⋂
r=1

Ar

∣∣∣∣∣
=

m∑
j=0

(−1)j
(
m

j

)
(m− j)!

= m!

m∑
j=0

(−1)j

j!
.

Dividing by the total number m! of permutations proves the probability formula.

When m ≥ 2, the terms for j = 0 and j = 1 cancel. Thus the same probability may also be
written as

m∑
j=2

(−1)j

j!
,

which is the form used in the reproduced note.

3 Distribution of the number of fixed points

Theorem 2. For k = 0, 1, . . . , n,

Pr(X = k) =

(
n
k

)
Dn−k

n!
=

1

k!

n−k∑
j=0

(−1)j

j!
.

Proof. First choose the k indices that will be fixed; this can be done in
(
n
k

)
ways. The remaining

n− k indices must then be deranged, which can be done in Dn−k ways. Hence exactly
(
n
k

)
Dn−k

permutations have k fixed points. Dividing by n! and substituting the derangement formula
yields

Pr(X = k) =

(
n
k

)
Dn−k

n!

=
1

k!

n−k∑
j=0

(−1)j

j!
.

The unified formula includes the two boundary cases:

Pr(X = n) =
1

n!
, Pr(X = n− 1) = 0.

The second identity holds because a permutation cannot move exactly one element while fixing
every other element.
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4 Expected number of fixed points

Theorem 3. For every n ≥ 1,
E[X] = 1.

Proof. For each r ∈ [n], define the indicator variable

Ir =

{
1, σ(r) = r,

0, σ(r) ̸= r.

Then X =
∑n

r=1 Ir. Of the n! permutations, exactly (n− 1)! fix a specified index r, so

Pr(σ(r) = r) =
(n− 1)!

n!
=

1

n
and E[Ir] =

1

n
.

By linearity of expectation,

E[X] =

n∑
r=1

E[Ir] = n · 1
n
= 1.

The indicator variables need not be independent for this argument.

5 Conclusion

The number of fixed points in a uniformly random permutation has the exact distribution

Pr(X = k) =

(
n
k

)
Dn−k

n!
,

and its mean is always one. Therefore, when n distinct answers are placed uniformly at random
into n distinct blanks, one answer is correct on average. This is an expectation statement: an
individual attempt may have no correct answers, one correct answer, or several.
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