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Lemma 1. Consider a permutation of n elements:
fAL2,...,n} —{1,2,...,n},
where f is bijective. Then the probability of getting the permutation such that

f(k) #k(Vk € {1,2,...,n})

8

And the total number of such f is

The proof of this lemma is omitted here. Assume X is a random variable referring to how many
elements in the permutation are corrected aligned (i.e. X = the number of k’s such that f(k) = k).
Our problem is to calculate the probability distribution of X and its expectation.



The trivial cases are

and

In general, for k € {0,1,2,...,n — 2},

P(X = k) = P(k elements aligned with the other (n — k) elements ALL misaligned)
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where n! is the total number of cases considered, (Z) is the binomial coefficient C’fi, and
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is the number of cases where all (n — k) fixed elements are misaligned in the alignment.

Therefore, the probability distribution of X is

1 _
— . ifke{0,1,2,...,n—2},
PX =k) = 0, ifk=n—1,
1
—, if £ =n.
\n!




Proposition 1. The expectation of X is

B(X)=1.

Proof.




It follows that, for the (n + 1) case,
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By induction, the result

holds for all n € N.
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